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Abstract

A structure-based constitutive equation for rubberlike networks is proposed. It is obtained by combining the Langevin-statistics-based
theory of Arruda and Boyce (AB) with a term based on the first invariant of the generalized deformation tensor which follows from some
theoretical treatments of the constraint effect. The combined (ABGI) four-parameter strain—energy function has been found to give (with the
exception of the very-low strain region) a very good description (deviations < 5-8%) of a representative selection of published biaxial
stress—strain data obtained on networks of isoprene and natural rubbers at low and medium strains. For the description of biaxial extension
data up to high strains, the concept of a strain-induced increase in the network mesh size (strain-dependent finite extensibility parameter) used
previously for tensile strains, is shown to apply generally to all deformation modes. It also enables a prediction of the retraction behavior.
Reasonable values were obtained for the network parameters; the exponent in the strain invariant assumes values at the higher limit of the

Kaliske and Heinrich extended tube theory prediction or even somewhat outside the limits.
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1. Introduction

The problem of obtaining a sufficiently general descrip-
tion of the stress—strain behavior of rubberlike networks in
different deformation modes was investigated in numerous
papers (cf. reviews [1,2]). However, molecular theories
published until recently gave only partial answers. The
present paper explores the possibility of obtaining an as
precise as possible description (with deviations less than
5%) of experimental stress—strain relations in a wide range
of biaxial strain (preferably up to the break) using recently
published constitutive equations based on molecular models
[3-5].

Arruda and Boyce (AB) [3] improved the constitutive
equation based on the Langevin elasticity theory using a
new network model with its unit cell composed of eight
chains. As in previous Langevin-type theories [1,6], two
parameters are involved: the network-chain concentration
and the network-chain length. At high strains, hardening due
to finite extensibility effects is predicted while at low strains
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the behavior approaches the Gaussian one with the reduced
stress (see Eq. (3)) becoming constant. Similarly to the older
Langevin treatments, the AB theory does not deal with the
phenomenon of the experimentally observed low-strain
decrease in reduced tensile stress on increasing strain (the
‘C2-effect’, low-strain softening) and, therefore, the AB
low-strain predictions cannot be expected to offer a
quantitative data representation. In a recent review, Boyce
and Arruda [7] suggest that combination of the Flory—
Erman constrained junction model [8] for small stretches
with the eight-chain model for the large stretch response and
deformation state dependence would be expected to
describe the data over the entire extensibility range more
precisely than any of the models presented. They them-
selves made the first step towards this goal and obtained an
improvement in describing the well-known Treloar data on
a natural rubber network [9]. However, significant exper-
iment—theory deviations still remain.

Equations predicting both low-strain softening and high-
strain hardening were derived. That of Edwards and Vilgis
is based on a slip-link concept [10]. It was tested
experimentally by comparing with uniaxial [11] and biaxial
[12] stress—strain measurements taken up to large strains.
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The data description, though partly satisfactory, was
unsuccessful in some important cases. Quite recently,
biaxial data on solution-crosslinked poly(dimethylsiloxane)
networks [13,14] have been compared with theoretical
predictions. Of the five molecular theories tested, the
Edwards-Vilgis model has shown the best ability to
represent the stress—strain relations, moreover with the
fitted parameter values in good accordance with those
obtained from molecular considerations independently of
mechanical testing [15,16]. However, the approach adopted
includes disputable points which make the final conclusions
less convincing [17]. If a more realistic initial assumption is
used, the potential of the tube theories becomes apparent
[17].

Another theory, recently published by Kaliske and
Heinrich [4], has introduced an extended tube model that
considers topological constraints and the limited chain
extensibility of network chains both in unfilled and filled
rubbers. In the resulting two-term strain energy function, W,
the first part, W,, is due to crosslinks and captures similar
features as the AB equation and the crosslink term of the
slip-link treatment. With two parameters (crosslinking
degree and chain inextensibility parameter, 6), it predicts
hardening at high strains. There is an important difference
between the extended tube model theory [4] and the
Langevin treatments [1,3,6]. For the end-to-end distance
of a tube-like confined network chain, Kaliske and Heinrich
[4] use ‘the simplest model with the singularity in the chain
entropy...instead of the more realistic inverse Langevin
approximation’. In this respect, they follow Edwards and
Vilgis [10]. Thus, the crosslink parts of the strain energy
functions, W,, calculated on the basis of the slip-link [10]
and extended tube [4] models (and the stresses calculated
from W,, as well) are to be looked upon as mere
phenomenological approximations of a conceivable rigor-
ous structure-based tube treatment that would model the
singularity in chain entropy using Langevin statistics and
would probably lead to predictions similar to those of the
AB equation. As shown in Appendix A, the degree of
approximation included in the Kaliske—Heinrich W, term
[4] results in predictions that do not seem realistic. Kaliske
and Heinrich [4] used their strain energy function to
demonstrate a fairly good description of the well-known
Treloar data. However, the arguments given above make
their W, function questionable and unsuitable for our
purpose. The Wy -term in the Kliippel—Schramm theory [5]
is of the same form as that of Kaliske and Heinrich.

The second part of the Kaliske—Heinrich strain—energy
function, Wy, which is due to topological constraints, was
formulated earlier and is given in a review [18] as Eq. (44)
together with its structural background and interpretation.
The function is written phenomenologically as based on the
first invariant of the generalized deformation tensor (GI)
[19,20] (hereinafter, generalized invariant, GI) and includes
results of several theoretical models as special cases [4,5,18,
21-23].

In the present paper, experimental data are analyzed
using a function where the crosslink term, Wy, is given by
the rigorously derived structure-based Arruda and Boyce
(AB) strain—energy density function [3] and the constraint
term, Wg, is based on the first invariant of the generalized
deformation tensor (GI) with its parameters having
molecular basis in different tube theories. The proposed
equation is designated by the ABGI code. It may be looked
upon as a further attempt, following that of Boyce and
Arruda [7], to interpret experimental behavior by combining
the AB theory with a suitable treatment of the strain-
softening effect.

2. Theoretical
2.1. Definitions

A homogenous biaxial deformation of an elastic and
continuous body is assumed to take place in a rectangular
coordinate system X; (i = 1,2,3) which is taken along the
principal axes of strain, o; (i = 1,2, 3) being the principal
(engineering) stresses (force per unit of undeformed area)
and A; (i = 1,2,3) the principal stretch ratios. In a biaxial
extension experiment with stresses along the directions 1, 2,
the stress along the direction 3 is zero. At constant volume,
A3 = /A1 A, If the equilibrium deformation behavior of an
elastic material is described by a strain energy density
function W (elastic free energy, constitutive equation) then
the principal nominal (engineering) stresses o; (i = 1,2) are
obtained from the general relation

AW A3 0w
AN A 0N

o; (1)
The stresses o7, 0,, calculated in the Gaussian elasticity
theory [1] can be written in the form

o, =G\ — UNA); 0y =Gy — /B )

The shear modulus G is proportional to the network density
and absolute temperature. The reduced stresses o req, 07 reds
are defined as the ratio of stress and of the corresponding
Gaussian stretch ratio function:

O1red = O1/(A) — 1/A123);
3)
Trred = 0ol (Ay — 1I3AT)

In the biaxial extension experiments, the dependences of
stresses 0, 0,, on the stretch ratio A, are usually measured
(and plotted) for different constant values of A;. This way of
plotting data visually accentuates the scatter in the high-
strain region while in the low-strain region, where the
absolute values of deviations decrease, the relative devi-
ations seem to be negligibly small. To avoid such
disadvantage, we prefer the use of reduced stresses since
their fluctuations approach the relative deviations. Further,
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with A; and A, being interrelated, e.g. by

N=2A5 (= L4224 = Ay), 4)
the stresses become functions of one stretch ratio only.
Stress—strain dependences with b = —1 (A, = A; = 1/A%,
o, = 0, uniaxial extension, UE), b =2 (A, = A, 0, = 07,
equibiaxial extension, EBE,) and b = 0 (A, = 1, longitudi-
nal pure shear oy, PS1; transversal pure shear o, PS2) are
commonly measured directly. Stress—strain dependencies
with other suitably chosen values of b (e.g. 0.5, 1, 1.5) can
be obtained by interpolation from the dependences
measured at constant values of one of the stretch ratios. In
the following text, if A, is related to A; by Eq. (4), then
subscript 1 in A; is generally omitted.

2.2. The constraint part Wy

The phenomenological formulation of the Wy part of the
strain—energy density function is given as [18]

2
W5 = G, ln(”);

L) =Y (A} — l/n (5)

L

I1(n) is the first invariant of the generalized deformation
tensor. In different tube theories, G, is a constraint
contribution to the modulus [18], which is proportional to
the apparent concentration of elastically effective physical
crosslinks arising from conformational constraints; the
exponent in the strain invariant n = —27yf3; y describes
different constraint mechanisms while the 8 parameter, 0 <
B = 1, takes into account different extents of the constraint
release processes [18]. In the Kaliske and Heinrich model
[4], there is a non-affine relation between the lateral tube
dimension and the local stretch ratio and y = +1/2. Bis an
empirical fit parameter, correlating microscopic and macro-
scopic deformation (for affine deformation: 8 = 1). Thus,
according to the Kaliske and Heinrich model, n should
assume values between — 1 and 0. In an earlier treatment of
Heinrich and Straube [18,21] the result y= —1/4, (B = 1),
n = +0.5, was obtained under assumptions valid for high
crosslink densities. In the model of Gaylord and Douglas
[22], affinely deforming tubes with constant volume are
considered and this leads to the prediction y = —1/2, i.e.
n = +1. These authors admit the possibility that y (or, n) is
not universal for all network structures and that other values
may result from slightly modified models. They recommend
treating vy (or, n) as an empirical parameter and determining
its value for a variety of network systems. In the Kliippel
and Schramm theory [5] of rubber elasticity and of stress
softening of filler-reinforced elastomer systems, a general-
ized tube model is used with y = 1/2, i.e. n = —1, which is
the lowest value expected by the Kaliske and Heinrich
treatment [4]. Kliippel and Schramm explored the possi-
bility of replacing the Edwards—Vilgis approach to the finite
network extensibility by the inverse Langevin approach but
they rejected it on experimental grounds [5]. In the present

paper, the Langevin approach is preferred on theoretical
grounds.

Rubinstein and Panyukov [23] assume a non-affine
deformation on smaller scales up to a certain ‘affine’ length
which increases with elongation and decreases with
compression. The calculated Wy is again proportional to
entanglement concentration and has two equal parts, the first
with n = 1 and the other with n = —1.

2.3. The ABGI equation
The constitutive equation for stress o;(i = 1,2) that we

propose and denote by the ABGI code is obtained using the
general Eq. (1) and the following derivatives

L aVVA — )\cm Lfl( )\c )Ai (6)
2C, 9, 3A. Xem

1 0w, 2\ 1
S = (7)
2C, A n
A=) 1= X 8)
Forn =0,

1 GWB _ 2 1n )\i
26, AN A

A. is the network-chain stretch ratio, i.e. the ratio of the
deformed and undeformed chain end-to-end distances; in
the Arruda and Boyce paper [3], A, is denoted as Agyyy,. L
is the inverse Langevin function (the Langevin function
L(x) = coth(x) — 1/x), A., is the hypothetical highest
possible network chain stretch ratio (or, the finite extensi-
bility parameter; the locking chain stretch ratio), which is
predicted to be proportional to the square root of the
network chain length expressed as the number, N, of
statistical segments in the network chain:

Aem =N 9)

2C; is the crosslink (network junction) contribution to the
shear modulus. The shear modulus G in the original
Arruda—Boyce equation is here replaced with 2C; accord-
ing to Arruda and Boyce, G = vRT, v is the network chain
density. The Kaliske-Heinrich parameter G, is replaced
with 2G,.

The proposed ABGI equation contains four adjustable
parameters: Ci, C,, Ay, n. The shear modulus G of the
ABGI material is essentially determined by the elastic
constants Cy, C,. For a very large N, G = 2C; + 2C,; with
decreasing N, the contribution of finite extensibility to the
stress has a non-zero positive value even at low strains and
G > 2C; + 2C,. The high-strain behavior is increasingly
influenced by N which determines the square of the locking
chain stretch, Eq. (9), and the maximum possible macro-
scopic stretch ratios which follow from I,,, = 3N. For very
large N and n = —2, the ABGI equation reduces to the
Mooney—Rivlin equation [1,24,25]. With n = 42, the
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constraints would contribute to the stress in the same
manner as crosslinks. For some deformation modes, I is
given by the following expressions:

uniaxial extension, UE

(10)
=M =1UN%: T=242/A,
I=M+1+ 1A,

pure shear, PS A =1A=1/A:

equibiaxial extension, EBE

M=Asd=1A2: T=222+1/\

2.4. The ABGIL equation

In our previous paper [11], the JGC2 equation was
defined as a combination of the Langevin-statistics-
based James—Guth equation [6] with the C, term of the
Mooney—Rivlin equation [24,25]. It was found to give a
very good description of stress—strain data in uniaxial
extension at low and medium stretch ratios. In conformity
with previous evidence, the C; term was interpreted as
being due to stable network junctions that receive
contributions from both chemical crosslinks and some
kind of stable—non-sliding—trapped entanglements. Stable
junctions determine the concentration, v, and length, N, of
elastically effective network chains. N is now the number of
statistical segments in the chain between elastically
effective network junctions of both chemical and stable
entanglement type [11] and is a measure of the network
mesh size.

High-strain deviations of the experimental behavior from
the predictions of the JGC2 equation were observed and
ascribed to topological changes leading to a strain-induced
increase in the network mesh size and, as a result, to an
increase in the finite extensibility parameter with the stretch
ratio. The latter dependence found from comparison of the
JGC2 equation with experimental data could be described
by a simple power function [11] and the resulting set of
equations was denoted as the JGC2L equation:

o =2C,(A\/3){L~ M) — AAYHLH AN}

+2C,(1 — 1/A%) (11)
A=A Ay = Apa (12)

A> A Ay = Am,a + (Am,b - Am,a){()\ - )\a)/(/\b - )\a)}a

A is the finite extensibility parameter, the locking stretch
ratio. To avoid confusion with the numbering of axes, the
subscripts 1,2 used previously [11] in Ay, A, etc. are
replaced here with subscripts a, b, to obtain A,, A, ,, etc.
The phenomena observed in uniaxial extension are to be
expected to manifest themselves in other deformation

Fig. 1. Comparison of the Treloar uniaxial extension data on NR-1 (circles)
with the equations JGC2L (curve 1) and ABGIL(n = —2) (curve 2).
Parameter values in Table 1. Mooney—Rivlin coordinates of reduced stress
vs. reciprocal stretch ratio.

modes as well. Hence, the ABGI equation, Egs. (6)—(8),
has to be modified into a general ABGIL form by
supplementing it with an equation expressing the depen-
dence of the finite extensibility parameter on the state of
strain. In view of the functional form of Eq. (6) and in
analogy with the JGC2L equation, Eq. (12), the required
relation is written as a power function dependence of the
locking chain stretch ratio, A, on the chain stretch ratio,
At

Ac = /\c,a : /\cm = /\cm,a’ (13)

A > Ag,

/\cm = /\cm,a + (/\cm,b - /\cm,a)[()\c - )‘c,a)/()\c,b - /\c,a)]a

The ABGIL equation is thus given by Egs. (6)—(8) and (13).
For chain stretch ratios lower than A.,, the finite
extensibility parameter A, is constant and equal t0 Agy, ,.
For chain stretch ratios higher than A.,, the finite
extensibility parameter increases with strain and at the

Table 1
Parameter values calculated from uniaxial extension data using equations
JGC2L and ABGIL (n = —2)

JGC2L ABGIL (n = —2)

Parameter  NR-1 Parameter  NR-1 NR-2 NR-3 IR

C;,MPa  0.092
C,,MPa  0.118

C, MPa 0.092 0.070  0.132 0.127
C,, MPa 0.118 0.112  0.120 0.082

A 3.20 Aea 1.903, 1.795
Ama 6.10 Aema 3537, - 3.137, -

Ao 7.60 Ae 4397y - 2824 -
Amp 8.31 Aemb 4806, 3.80° 3.674, >10°
a 1.03 a 1.03 - 1.35 -
Tred =1 0426,  Greqae 0.429; 0370 0.522 0418
G,/C, 1.28 G,/C, 1.28 1.60 091 0.65

" Aem-
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chain stretch ratio Ay, it attains the value of A.,;. The
method of determining the required parameters of the
ABGIL equation is shown below.

3. Experimental testing
3.1. Uniaxial extension

Fig. 1 shows a Mooney—Rivlin plot of the Treloar data
[1,9] obtained in uniaxial extension up to high strains on a
natural rubber network NR-1 crosslinked with a high
amount of sulfur. In such a network, possible effects of
strain-induced crystallization are regarded as secondary in
character, producing only minor modifications [1]. The
Treloar uniaxial extension data were compared with the
JGC2L equation and the parameter values (given in Table 1)
were obtained in a manner described previously [11].

A special case of the ABGIL equation which follows
from Egs. (6)—(8) and (13) for n = —2 (designated by the
ABGIL(n = —2) code) combines the Arruda—Boyce
equation with the C, term of the Mooney—Rivlin equation
and is an analogy of the JGC2L equation in which the
James—Guth equation is combined with the C, term. In
accordance with our previous finding [11], the parameters
Aca> Acmas €tc. of the ABGIL(n = —2) equation can be
calculated from the JGC2L A,, A, ,, etc. parameters by
simply transforming them to the corresponding chain stretch
ratio values using Egs. (8) and (10) for the case of uniaxial
extension: A, = (()\% + 2/)\1)/3)1/2. This has been done for
the Treloar network NR-1 and the calculated parameters are
given in Table 1. The two curves drawn according to the
JGC2L and ABGIL(rn = —2) equations, respectively, are
compared in Fig. 1. A very small difference between them
can be practically removed by slightly increasing C, of the

1m0

Fig. 2. Dependences of the experimental reduced uniaxial extension stress
(circles) and reduced equibiaxial extension stress (squares) on reciprocal
stretch ratio. 1-NR-2, vertical shift: —0.15; 2-NR-1; 3-NR-3, shift: +0.1; 4-
IR, shift +0.5. UE data are compared with the ABGIL(n = —2) curves
drawn using parameter values given in Table 1. Straight lines are
empirically fitted to the low-strain EBE data.

Fig. 3. Dependences of reduced uniaxial extension stress (circles, curve 1),
pure shear stress (crosses, curve 2) and equibiaxial extension stress
(squares, curve 3) on reciprocal stretch ratio, NR-1. Curves 1,2,3: ABGIL
equation, n = —0.2, parameter values in Table 3, right. Curve 4: n = —2,
parameter values in Table 1. Straight line 5: empirical fit to low-strain EBE
data.

JGG2L equation from 0.118 to 0.120 MPa. Thus, the
JGC2L and ABGIL(n = —2) equations are essentially
equivalent for the description of the stress—elongation
dependences and their parameters can easily be intercon-
verted. Their fit to the experimental Treloar data in uniaxial
extension shown in Fig. 1 is excellent with point-curve
deviations being well below 5%.

The parameters of the ABGIL(n = —2) equation can, of
course, be determined directly, without first comparing data
with the JGC2L equation. An example of such a procedure
is shown below for the general case of the ABGIL equation
(n> —=2).

The UE data on four networks are shown in the
Mooney—Rivlin plot in Fig. 2 together with the EBE data.
Both UE and EBE experimental dependences tend to be
linear in the reciprocal stretch ratio region between ca. 0.5
and 0.9 and tend to extrapolate to the same zero-strain
reduced stress, Oyeq)=1. Straight lines are empirically fitted
to the EBE data in the low-strain region. The UE data are
described by ABGIL(n = —2) curves which are drawn
using parameter values given in Table 1. The degree of fit to
all UE data is very good.

3.2. Biaxial extension, NR-1

Fig. 3 shows the Mooney—Rivlin plot of reduced stress
vs. reciprocal stretch ratio of the Treloar stress—strain data
[9] measured in uniaxial extension (UE), pure shear (PS)
and equibiaxial extension (EBE). A linear extrapolation to
A =1 of the low-strain reduced PS stress vs. reciprocal
stretch ratio dependence also leads to a value close to that
obtained from UE and EBE data.

As has been repeatedly shown [18], the parameter values
of the Mooney—Rivlin equation determined from uniaxial
extension data are not able to predict the biaxial extension
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Table 2
Parameter values of the ABGI equation calculated from the low- and
medium-strain UE, PS, EBE data

Parameter NR-1

n —0.20
C;, MPa 0.109
C,, MPa 0.075
)\cm 42

behavior since an unrealistically large ratio of the
equibiaxial to uniaxial stress is predicted. The same
limitation is to be expected for the ABGIL(n = —2)
equation and to obtain a satisfactory description of a set of
the UE, PS, EBE Treloar data using the ABGIL equation, a
suitable value of n > —2 must be found. This, however,
gives an ABGI prediction for the UE stress which is curved
in the Mooney—Rivlin plot. The task of describing a linear
experimental UE dependence by a theoretical curve is a sort
of dilemma which has no unique solution and the result must
be expected always to be more or less an approximation. In
the following it will be shown that the approximation
offered by the ABGIL equation is close to satisfactory and
can be utilized for practical purposes.

In the first step, the low- and medium-strain biaxial
extension data (UE, PS, EBE) were compared with the
ABGI equation. The values of n and of the C,/C ratio were
chosen to obtain a good fit to the experimental ratio of the
equibiaxial to uniaxial stress and a calculated zero-strain
reduced stress not very different from the value of the
extrapolated experimental reduced stresses (0.425-—
0.43 MPa) given above. The resulting estimates of n, Cy,
C, and A, parameters of the ABGI equation are given in
Table 2. They are used to draw the ABGI curve 1 in Fig. 4.
The uniaxial experimental data (circles) are plotted in the
coordinates of stress vs. chain stretch ratio A, yg =

Fig. 4. Dependence of tensile stress on the chain stretch ratio. Points:
experimental, NR-1. Curves 1-5: ABGI equation for constant values of A p,,
Table 3, left. The experimental curve 6 drawn through the points coincides
with the ABGIL curve (n = —0.2, parameter values in Table 3, right).

Table 3
Parameter values of the ABGIL equation for the NR-1 network

Curve Parameter Fig. 4 Figs. 3,5,6
n -0.20 -0.20 —-0.40
Ci, Mpa 0.109 0.109 0.109
C,, Mpa 0.075 0.075 0.068
Aca 2.289; 2.178
Aema 4.2255 4.110¢
Ao 4.3974 4.3974
Acmb 4.886; 4.875,
a 1.30 1.20
Ored A=1 0.375; 0.362,
A, % —12.5 —15.7
C,/C, 0.79 0.62
/\cm Aca

1 4.225 (2.345)

2 4.45 3.187;

3 4.60 3.632

4 475 4.050

5 4.89 4.406

A : percent difference between 0,4 \—; calculated using ABGI(n > —2)
and the respective 0.4 )= (given in Table 1) calculated using ABGI (n =
-2).

" Chain stretch ratios for the intersections of curves 1-5 with the
experimental curve 6. Parameters for the retraction curve 4 in Fig. 5: C; =
0.100 MPa, C, = 0.075 MPa, A, = 4.785, tensile set 0.09.

(A2 4+2/A)"?/32, Above the inflexion point, curve 1
increases more steeply than does the experimental depen-
dence (points, curve 6) and this phenomenon is interpreted
using the concept of a strain-dependent finite extensibility
parameter (Eq. (13)). The method of determining parameter
values of Eq. (13) is depicted in Fig. 4. Four additional
curves 2—-5 are drawn using increasing values of A.,. A
most probable curve 6 is hand-fitted to the high-strain
experimental UE points. From its intersections with curves
1-5 (or, preferably, with a larger number of such curves),
one obtains a series of A.,, A. pairs (Table 3, left) which

Fig. 5. Dependence of stress on the stretch ratio. Points: experimental, NR-
1; circles-UE, crosses-PS, full squares-EBE, triangles-retraction following
uniaxial extension. Curves 1 (UE), 2 (PS), 3 (EBE), 4 (retraction) are drawn
according to the ABGIL equation, parameter values in Table 3, right.
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(MPa)

red

log o

Fig. 6. Dependence of the logarithm of reduced stress on the stretch ratio.
Points: experimental, NR-1, circles-UE, crosses-PS, squares-EBE. ABGIL
equation, curves 1,2,3: n = —0.2, curve 4: n = —2. Curves la, 2a, 3a (n =
—0.4), 4a (n = —2) and the respective points are shifted vertically by
+0.25. Parameter values in Tables 1 and 3.

yield the dependence of A, (= N'?) on the chain stretch
ratio, A.. The dependence is compared with Eq. (13) to
obtain values of parameters Acy 45 Aembs Acas Acps @ (Table
3, right) after an overall optimizing procedure is carried out.
It should be noted that from the eight parameters contained
in the ABGIL equation, only six are truly adjustable; A_}, is
determined by the highest strain used in the experiment and
Acmp has practically no freedom of adjustment.

The whole set of the Treloar data is compared with the
ABGIL equation in Fig. 3 (Mooney —Rivlin coordinates), in
Fig. 5 (linear coordinates) and in Fig. 6 (logarithm of
reduced stress vs. stretch ratio). A suitable value found for
parameter n (= —0.2) is equal to that obtained by Kaliske
and Heinrich with their equation [4]. The quality of biaxial
data representation obtained with the ABGIL equation at
medium and high strains in Figs. 3, 5, 6 is good to very good.
On the other hand, systematic data-curve deviations appear
at low strains: the zero-strain reduced stress, Opegr=1(n =
—0.2) = 0.367 MPa, following from the ABGIL equation
for n = —0.2, is by 12.5% lower than 0,4 =1 (n = —2) =
0.4295 MPa which follows from the ABGIL equation for
n= —2 and which is practically equal to a linear
extrapolation of experimental reduced stresses in UE, PS,
EBE. As a result, at low strains the experimental UE and PS
reduced stresses tend to lie above the ABGIL(n = —0.2)
curves (Figs. 3 and 6). On the other hand, at medium and
high strains the description of UE and PS data is almost
perfect (Figs. 3, 5, 6). Unlike the essentially linear behavior
of low-strain experimental data (straight line 5, Fig. 3), the
theoretical curve (curve 3 in Fig. 3) calculated for
equibiaxial reduced stress goes through a maximum in the
region of reciprocal stretch ratios around 0.62. Thus, once
again a theoretical curve has to be fitted to a straight-line
dependence and the experimental stresses then unavoid-
ably show deviations from the calculated curve. These are

not large (only two experimental points deviate more than
5%) but tend to be systematic: positive at small stretch
ratios, A < 1.25, and negative at medium stretch ratios,
1.5 < A < 2.7. Such phenomena are obviously due to the
approximative form of the Wy function. At high stretches,
the EBE point-curve deviations tend to be positive. A
slightly lower value of n (= —0.4) leads to a higher
prediction for the ratio of equibiaxial to uniaxial stress and
the positive high-strain deviations are thus practically
removed (Fig. 6, curve 3a). This, however, does not solve
the problem since the low strain deviations increased. It
thus appears that using the generalized invariant-based Wpg,
a perfect data description cannot, in principle, be achieved
and a compromise with a minimum of systematic
deviations must always be sought.

Irrespective of these critical remarks, the degree of fit of
the ABGIL equation to the Treloar data may be character-
ized as tolerably satisfactory and, to the best of our
knowledge, the most successful so far achieved using a
molecularly based constitutive equation.

3.3. Retraction following uniaxial extension

The concept of strain-induced topological changes in the
region of high increasing strains implies that on decreasing
strain a driving force for topological changes is practically
absent [11,26,27]. The highest value of the finite extensi-
bility parameter attained at the highest prestrain may be
assumed to remain practically constant on subsequent
retraction [11]. The complication arising from the existence
of tensile set (ca. 9%), however, must be taken into account
and this was done in the manner described previously [11].
In Fig. 5, the retraction data (triangles, read off from
Treloar’s smooth retraction curve [1]) are described by an
ABGI curve based on the foregoing reasoning, with the
slightly diminished C; parameter only (Table 3; curve 4 in

-1

1 2 3 4

, , A .
Fig. 7. Dependence of the logarithm of reduced stress in UE and EBE on
stretch ratio. Points: experimental, NR-2; circles: UE; squares: EBE.

Curves: ABGI equation, parameter values in Table 4. 1-KS, vertical shift:
+0.35; 2-RP; 3-GD, shift: —0.25.
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Table 4

Parameter values of the ABGI equation calculated from experimental biaxial data on the NR-2 network for different values of n

Parameter KS, KH RP KH KH HS GD

n -1 —-1/+1 —-0.2 0 0.2 0.5 +1

Ci, MPa 0.094 0.080 0.080 0.074 0.069 0.058 0.045
C,, MPa 0.080 0.085 0.079 0.087 0.096 0.110 0.120
Aem 10 6 4.20 3.90 3.70 347 3.40
Ored A=1 0.349 0.333 0.324 0.328 0.336 0.342 0.335
A % -57 —10.0 —-12.5 —-114 —-9.1 =175 -9.5
C,/C, 0.85 1.06 0.99 1.18 1.39 1.90 2.67

KS Kliippel, Schramm [5]; KH Kaliske, Heinrich [4]; RP Rubinstein, Panyukov [18]; HS Heinrich, Straube [16]; GD Gaylord, Douglas [17].

" A : see footnote in Table 3

Fig. 5). Similarly as in previous papers [11,26], the quality
of description of the lower bound of the hysteresis loop is
satisfactory. This result can be regarded as a good support
for the concept of finite extensibility parameter increasing
with increasing strain and being practically constant on
decreasing strain. It has also offered an explanation for the
Mullins effect observed in filler-reinforced networks [26].

3.4. Biaxial extension, NR-2

The ABGIL equation has been further experimentally
tested using the well-known data of Rivlin and Saunders [1,
28] on a natural rubber network NR-2. The uniaxial stress-
stretch ratio dependence was measured up to a stretch ratio
not far above the inflexion point and, therefore, data
description is possible with a constant value of A.y; the
calculated curve, however, should not be extrapolated too
far outside the experimental range. The parameter values
obtained with different values of n are given in Table 4.

In Fig. 7, the UE and EBE data plotted in the coordinates
of logarithm of reduced stress vs. stretch ratio are compared
with three theoretical predictions. A low value of n = —1
predicted by Kliippel and Schramm [5] and by Kaliske and
Heinrich [4] for B = 1 gives the best description of the UE
dependence but highly overestimates the EBE/UE stress
ratio. The Rubinstein and Panyukov theory [23] gives a
somewhat better compromise but the predicted EBE/UE
stress ratio is still too high. At the other extreme is n = 1

T T T T T

predicted by Gaylord and Douglas [22,29] which, however,
gives a too low EBE-to-UE stress ratio.

In Fig. 8, the predictions n = —0.2 (Kaliske and Heinrich
[4], B=0.2) and n = 0.5 (Heinrich and Straube [21]) are
tested in the plot used by Rivlin and Saunders [1,28],i.e. asa
dependence of uniaxial extension and compression reduced
stress on the reciprocal stretch ratio with a change of scale at
1/A = 1. In this type of plot, the point-curve deviations at
low extension and compression strains are visually enlarged
and accentuated while in the high-extension region they are
somewhat suppressed. The same type of plot is used in Fig.
9 for the ABGI curve with n = +0.2 and this apparently
gives an optimum data representation. With the exception of
the low-strain region, the degree of fit of the ABGI(n = 0.2)
curve to the data at stretch ratios in the regions Ayc = 0.4 to
0.08 and Ayg = 1.5 to 3.6 is very good and the best so far
found in the tests of molecular elasticity theories [18,30].

3.5. General biaxial data on networks IR and NR-3

In the paper of Kawabata et al. [31], stresses oy, 0y,
measured on an isoprene rubber network are tabulated as
functions of A, for different constant values of A;. The
experimental dependences of log o on A, are shown in Fig.
10 (points) and compared with Egs. (6)—(8),(13) (curves).
Parameter sets (Table 5) with n = —0.2 and n = +0.2,
respectively, give approximately the same quality of data
description, with only a few point-curve deviations in the
region from 5 to 8%. The dependences of log o, on A, (not

0.4 1 04l 1
EXTENSION | o _ EXTENSION )
—_ [ = 1 (=] i m | i
£°% A — g o " e .
= 03t ] 2 4 = 03t 1 1
B 3
© o025+ 1 0025} 1
: COMPRESSION 0.25 COMPRESSION
02 ‘ . ‘ . . 02 ‘ ‘ . ‘ . ‘
0 0.5 1 15 2 25 3 35 0 05 1 15 2 25 3 35

X

Fig. 8. Dependence of reduced stress in UE and in uniaxial compression UC
on reciprocal stretch ratio. Points: experimental, NR-2; circles: UE;
squares: UC. Curves: ABGI equation, parameter values in Table 4. 1 — n =
—0.2;2 — n = 40.5. Note the change in scale atx = 1. Forx < 1, l/Ayg =
x; forx > 1, 1/Ayc = 5x — 4.

X

Fig. 9. Dependence of reduced stress in UE and UC on reciprocal stretch
ratio. Points: experimental, NR-2; circles: UE; squares: UC. Curves: ABGI
equation. 1 —n = 0.2, parameters in Table 4; 2 — n = —2, for UE data
only, parameters in Table 1. Note change of scale at x = 1. For x <1,
1/Agg = x; for x > 1, 1/Ayc = 5x — 4.
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Fig. 10. Dependences of log oy on A, for different constant values of A
Points: experimental, IR. Curves: ABGIL equation, parameter values in
Table 5. Numbers on the curves indicate A,/vertical shift.

shown here) are described by the ABGI curves even better
than the dependences of log o on A,. With the lower value
of n used, the deviations in the low-strain region become
more significant (Table 5). Fig. 11 shows dependences of
the logarithm of reduced stresses o ,q(b = —1,0,2) and
0y.1ed(b = 0, 1) on stretch ratio A (subscript 1 is omitted) in
comparison with the ABGI curves drawn for parameters
given in Table 5. With the exception of equibiaxial
extension (and its equivalent, uniaxial compression), only
data for A > 1.24 are plotted because with A decreasing
from 1.24 to 1.04 (not shown here), the reduced stresses
calculated from the Kawabata et al. data for b = —1 and 0
show a pronounced tendency to rapidly decrease below the
respective values attained at A = 1.24. Moreover, the
reduced transversal pure shear stress, 03 ,.q(b = 0), becomes
smaller than the reduced longitudinal pure shear stress,
01 ed(b =0) and this does not seem to be reasonable.
Although Kawabata et al. believe that their data even in the
very low strain region are reliable, one cannot exclude that

Table 5
Parameter values of the ABGIL equation calculated from experimental
biaxial data on IR and NR-3

Parameters IR NR-3

n -0.2 +0.2 -0.2 +0.2
C;, MPa 0.1265 0.108 0.159 0.150
C,, MPa 0.064 0.084 0.063 0.078
Aca - - 1.795, 1.688¢
Aema - - 3.709, 3.537;
Ach - - 2.828¢ 2.8264
Aemb 7.2% 4.6* 3.892¢ 3.795,
a - - 1.35 1.60
Ored A=1 0.384 0.390 0.459 0.472
A, % —-9.2 —6.6 —12.1 -9.7
C,/C, 0.51 0.78 0.40 0.52

A : see footnote in Table 3.

Aem.

I15%

0 1 2 3 4

Fig. 11. Dependences of the logarithm of rgriuced stress on the stretch ratio
for different values of b. Points: experimental, IR. Curves: ABGI equation,
parameter values in Table 5. log 0 : circles, b = —1; lying crosses,
b= 0; squares, b =2, A > 1:EBE, A < 1:UC. log 0y, : triangles, b =
0; standing crosses, b = 1. Asterisk: extrapolated zero-strain reduced UE
stress.

the phenomena described may well be artefacts resulting
from an even small uncertainty in the determination of the
stretch ratio at small strains [11,26]. We have found that a
very small correction of the stretch ratio values (by a
constant of some 0.001-0.003 in a given series of
measurements) can remove the effect and make the reduced
stresses approach the value obtained by extrapolation of UE,
EBE data in Fig. 2, shown in Fig. 11 as an asterisk. It should
also be recalled that pure shear measurements of Treloar
(Figs. 3 and 6) do not show any decreasing trend in the
reduced stress with strain decreasing to zero. We have read
off several low-strain values of pure shear stresses from Fig.
3 of Kawabata et al.; the reduced stresses calculated from
them do not show any anomalous decrease at low strains,
and they are included in our Fig. 11. One more discrepancy
is seen in Fig. 11: the reduced longitudinal pure shear stress,
01 1ed(b = 0), becomes smaller than the reduced uniaxial
stress 07 r.q(b = —1) at high stretch ratios. This is contrary

0 1 2 3 4 5
Fig. 12. Dependences of the logarithm of reduced stress on the stretch ratio
for different values of b. Points: experimental, NR-3. Curves: ABGIL
equation, parameter values in Table 5. log o7 4 : circles, b = —1; crosses,
b= 0; squares, b =2, A > 1:EBE, A < 1:UC. log 0,4 : triangles, b =
0. Asterisk: extrapolated zero-strain reduced UE stress.
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to theoretical expectations and to the Treloar data in Figs. 3
and 6, where 0 q(b = 0) remains larger than oy q(b =
—1) in the whole strain range up to high stretch ratios in
pure shear.

Irrespective of the experimental discrepancies just
mentioned, it should be stressed that the Kawabata et al.
measurements yield the best and most valuable biaxial
stress—strain data in a very wide range of stretch ratios,
which, moreover, are not complicated by crystallization
effects. The data representation by the ABGI equation is
very good and the point-curve deviations are of the same
type as found for networks NR-1 and NR-2, with only very
few higher than 5%. Of the two values of n tested, the higher
one, n = +0.2, gives a better representation of the uniaxial
compression (equibiaxial extension) data and less signifi-
cant deviations at low strains. However, to obtain a good fit
to high-strain data, the finite extensibility parameter must be
adjusted to a value leading to a rather early upturn of
equibiaxial reduced stress.

Experimental data of James et al. [32] on the NR-3
network showing pronounced finite extensibility effects, are
successfully represented by the ABGIL equation (Fig. 12).
Similarly to the data on the IR network (Fig. 11), the low-
strain deviations obtained with n = 4-0.2 are less significant
than those with n = —0.2 and the uniaxial compression
(equibiaxial extension) data are somewhat better
represented.

3.6. Parameter values

The value of n = —0.2 obtained for the Treloar network
NR-1 seems to be well substantiated by the good data
representation up to high strains. It agrees with the n
estimated by Kaliske and Heinrich, lying in the range
predicted by their theory [4]. With the remaining three
networks, the range of applied deformations was narrower
and since the Wy function is not able to give a strictly
accurate description of the experimental low-strain beha-
vior, an unequivocal value of r is difficult to assign. Rather,
possible values of n are found to lie in the range from — 0.2
to +0.2. For values of n from 0 to +0.2, no theoretical
prediction is available. It should be noted that a comparison
[33] of the Kaliske-Heinrich equation with the extension/
compression data obtained on two peroxide-crosslinked
natural rubber networks at low strains (with 6 = 0) gave
estimates of B (= —n) ~ 0. Equibiaxial and uniaxial
extension measurements [5] on a natural rubber network
are claimed to support the value of y=1/2(n= —1).
However, an inspection of Fig. 6 in Ref. [5] reveals that the
ratio of experimental stresses in equibiaxial and uniaxial
extension is unusually high (1.67 at A = 2), much higher
than are the ratios 1.33—1.44 which were found on the four
networks explored in the present paper. Before this
difference is explained, the data in Ref. [5] are to be treated
with caution and should not serve as an argument in favour
ofn=—1.

The ABGIL(n = —2) elastic constants C;, C,, based on
UE data alone (Table 1) are almost equal to those obtained
from comparisons of experimental stress-elongation
measurements with the Mooney—Rivlin equation. Systema-
tic studies of the relations between the network structure and
Mooney—Rivlin parameters were already made several
decades ago, e.g. [34—37]. The following conclusions were
derived: the modulus component 2C; contains contributions
from both chemical crosslinks and trapped entanglements of
a ‘stable’, i.e. junction-like nature; the modulus component
2C, stems from sliding (‘labile’) entanglements; for natural
rubber networks, the contributions of stable and labile
entanglements to the modulus (after extrapolation to
networks without free chain ends) were found to be virtually
equal [37]. In the framework of the tube model [38], and
similarly to the earlier findings based on the Mooney-Rivlin
equation and UE data, entanglements are found to
contribute to the crosslink part of the modulus, ie. to
behave in a junction-like manner, presumably with a
somewhat lower elastic efficiency (lower microstructure
factor) than the crosslinks. The entanglement spacing (tube
diameter) determines the topological constraint modulus
G, (= 2(,) and the inextensibility parameter 6 is given not
only by the entanglement spacing as in the earlier tube
treatments but also by the trapping factor T, [38], i.e. by the
concentration of crosslinks, as well, This prediction is more
in line with our view given above (locking chain stretch
ratio ~ N2, with N given by both crosslinks and
entanglements contributing to Cy).

In order to get a simultaneous description of the UE
and EBE data or, a representation of the biaxial
extension data generally, the value of the exponent n
in the ABGIL equation must be increased from —2
(which is optimum for UE data) into the —0.2 to +0.2
region. This leads to a decrease in the zero-strain
reduced modulus by some 9-12% and to a decrease in
C, by 20-50% while the C; values tend to show some
increase (0—20%, Tables 1, 3-5).

Contribution of trapped entanglements to the concen-
tration of elastically effective network junctions (to C|) may
be expected to be accompanied by a decrease in the number
N, of statistical segments in the effective network chain, i.e.
by a decrease in the network mesh size and in the limiting
extensibility [5].

The idea that at high strains the junction points between
molecules in the actual rubber may not be as definite as the
theory requires was taken into account by Rivlin and
Saunders more than fifty years ago [28]. They wrote: ‘There
may be effective junction points akin to entanglement
cohesions, which may break down under certain states of
strain’. Wu and van der Giessen [39] discussed the
possibility that entanglements are being pulled out during
deformation which would mean that the concentration of
network chains during deformation decreases while the
number of segments per chain increases, thus reducing the
stiffness of the network. They conclude that this aspect
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absolutely requires further study. Our concept of strain-
induced increase in the network mesh size is a certain
development of these ideas. It assumes that at high strains
even ‘stable’ entanglements contributing to C; may be
forced to slide, with a resulting increase in the network mesh
size. It should be recalled that in the slip-link model the
sliding entanglements contribute to the high-strain hard-
ening in a similar manner as crosslinks.

4. Conclusion

A four-parameter constitutive equation given by a
combination of the Langevin-theory-based Arruda—Boyce
equation [3] with the constraint term based on the first
invariant of the generalized deformation tensor [1,18] gives
a satisfactory description of biaxial stress—strain data
obtained on homogeneous networks of natural and isoprene
rubbers. The experiment-curve deviations are for the most
part smaller than 5%. With the exception of the low-strain
regions, the reduced uniaxial and pure shear stress—strain
dependences are described very well. The reduced stress in
equibiaxial-extension (uniaxial compression) generally
shows greater point-curve deviations which tend to be
systematic in some stretch regions.

For the description of high-strain data, the previously
used concept [11] of a strain-dependent finite extensibility
parameter has been successfully applied. Based on the
knowledge of the stress—strain dependence on increasing
extension, a reasonable prediction for the subsequent
retraction behavior of the natural rubber network is obtained
[11,26,27].

For the hydrocarbon rubber networks studied, parameter
n in the constraint term has been found to have values in the
—0.2 to +0.2 range. Thus, in some cases it tends to lie
above the highest value (n = 0) expected by the Kaliske and
Heinrich theory [4]. It will be shown in the second part of
this paper, using networks of other polymers, that the
tendency of n to assume positive values is rather general.

The ABGIL equation offers a reasonable compromise
between the simplicity of equation and quality of descrip-
tion and it gives, to the best of our knowledge, the most
accurate data representation so far achieved using a
molecularly based equation.
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Appendix A

In the Arruda and Boyce theory [3], the low-strain
reduced stress divided by the shear modulus, 0,.4/G, is equal
to unity if N is high. With decreasing N (increasing
inextensibility), o0,.4/G is predicted to increase for all
geometrical modes, i.e. the contribution of finite extensi-
bility to the stress is always positive. In the tube theories of
Kaliske and Heinrich [4] and of Kliippel and Schramm [5],
04/ G calculated on the basis of the crosslink term is given
by the relation:

1 - & &

5dG= TR T Rd—3)

4 is the inextensibility parameter, / is given by Eq. (8). For a
zero strain (I = 3), 0,,4/G =1 — 28%. This leads to the
prediction that with increasing inextensibility, 0,.4/G should
decrease below unity. The contribution of finite extensi-
bility to the stress is thus predicted to be negative, which
does not seem to be physically realistic. For large § > 0.707
and low strains, even a negative stress is predicted. 0,.4/G
becomes higher than unity not before I exceeds 4
(Ayg > 1.67, Aggg > 1.36).

Appendix B

NR-1 (Treloar [9]), natural rubber crosslinked with a
high concentration of sulfur to suppress orientational
crystallization (RSS 100, S 8, vulcanized at 147 °C for
3 h). Equilibrium measurements on prestrained specimens.
Equibiaxial extension data obtained from inflation of a
rubber sheet, 20 °C.

NR-2 (Rivlin and Saunders [28]), sulfur-accelerator
crosslinked natural rubber (RSS 100, S 2, 2,2'-dithiobis-
(benzothiazole) 1, ZnO 2, stearic acid 0.5, vulcanized at
141 °C for 30 min). Inflation of a rubber sheet.

NR-3 (James et al. [32]), sulfur-accelerator crosslinked
natural rubber (NR 100, S 2.5, N-cyclohexylbenzothiazole-
2-sulfenamide 0.5, ZnO 5, stearic acid 2, vulcanized at
135 °C for 50 min). The test piece was stress-softened by
stretching ten times to the maximum deformation. The
stretching force was recorded after 5 min relaxation at a
given strain. Biaxial tensile test apparatus.

IR (Kawabata et al. [31]), sulfur-accelerator crosslinked
isoprene rubber (IR 100, ZnO 5, S 2, 2,2/-dithiobis(ben-
zothiazole) 1, tetramethylthiuram disulfide 0.1, stearic acid
2). Data were taken on pre-strained specimens under
equilibrium conditions. Biaxial tensile test apparatus.
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